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SUMMARY
A version of the fast Fourier transform (FFT) is used in a
hybrid computer program to permit processing of tracking data to
yield the human operator's describing function almost immediately
after the period of data-taking. The use of the FFT allows the
final calculation time required to process 216 seconds of track-
ing data to be reduced to 3 seconds from the 10 minutes previo'us-
ly required on the same computer. The algorithm used permits the
bulk of the analysis of the data to be performed while the data
are being taken, and does not require all the data to be present
in core before processing begins.
%
TABLE OF SYMBOLS
a the index of summation for the additive portion of
the FFT
A, a constant which weights the sinusoids composing the
system input, see Table I
A . the real part of the truncated Fourier transform of
x(t) at the frequency to, , given by
x(t) cos (u,t) dt
K
Bxk the iroaginary part of the truncated Fourier transform
of x(t) at the frequency w, , given by
TrI
J
x(t) sin (u),t) dt
c a subscript referring to the output of the human operator
at the control stick (see Figures 1 and 4)
c{nAt) the data samples taken at the human operator's output
e(nAt)
FFT .
TABLE OF SYMBOLS (cont'd)
an integer devisable by 4 used to determine the input
frequencies
a subscript referring to the input to the human operator
at the oscilloscope (see Figures 1 and 4)
the data samples taken at the human operator input
Fast Fourier Transform
the truncated Fourier transform of x(t) at the frequency
u>k/ given by
Ix(t)e-jtot dt
h a subscript used to denote frequencies between the input
frequencies, equal to 1, 2, 3,...
i a subscript referring to the system input (see Figures 1
and 4)
i(nAt) the system input equals
14
£ A, sin (u nAt)
k=l K
D
k
N
T
Yc(u>)
Yp(U)
the square root of -1.
a subscript used to denote the input frequencies, equal
to 1, 2, 3, ...,14
m(nAt) the data samples taken at the system output
n the index of summation for the multiplicative portion of
the FFT
the number of data samples taken, 10,800
the period of data-taking, equal to 216 seconds
the dynamics of the controlled element (see Figures 1
and 4)
the linear portion of the quasi-linear describing function
6k (N/Dk) -1
Yk (Dk/4) -1
At the time increment between interrupts, and hence the
time between data samples, equals .02 sec
w, the frequencies of the sinusoids comprising the system
input, see Table I
to, frequencies between the to, 's
<$. (w) the cross power spectral density between the human
1
 operator's output and the system input
$-e(w) the cross power spectral density between the human
operator's input and the system input
$ (w) the continuous power spectral density of the human
operator's remnant
INTRODUCTION
Only recently have dynamic models of the human operator
been used effectively in the design of man-vehicle systems. This
is due partially to a lack of understanding of the human operator
and also to the difficulty and expense of experimentally deter-
mining values for the various parameters of existing models.
Improvements in computers and computational techniques are over-
coming these difficulties, and already it is possible to bring
about significant .improvements in a man-vehicle system through
the use of pilot models in preliminary design (refs. 1 and 2).
This paper describes a computational technique which reduces
greatly the cost of obtaining values permitting the use of a
current pilot model, i.e., the quasi-linear describing function.
One way to characterize the behavior of a human operator
in a continuous tracking task is by a quasi-linear describing
function, which consists of a linear describing function and a
remnant. The linear describing function is the average frequency
response of the human operator, i.e., his amplitude ratio and
phase as a function of frequency. The remnant, characterized by
a continuous power spectral density, is that portion of the human
operator's output which is not linearly correlated with his in-
put. The total output of the human operator is the sum of the
remnant and the output of the linear describing function* (see
Figure 1) .
*Examples of human operator describing functions are shown in
Figures 2 and 3.
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Figure 1.- Block diagram of the human operator in a compensatory
tracking system.
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Figure 2.- Y (w) measured for Y (s) = 1/sp ^
A direct way to measure describing functions in the labora-
tory involves the use of a hybrid computer and the method of
Fourier coefficients. The method of Fourier coefficients has been
extensively investigated and is described in detail (ref. 3). It
will be briefly outlined here for completeness. The human opera-
tor is placed in a control loop, possibly as shown in Figures 1
and 4. The system input, a sum of sinusoids of known amplitude,
phase, and frequency is updated every At seconds; simultaneously,
data are taken at the human operator's input and output. At the
end of T seconds, the sampled values of the human operator's in-
put and output are processed as follows:
. N
= ~£c(nAt) cos < w , n A t ) (1)T k
At- N
Bck = f7rE c ( n A t ) sin
n=l
A. N
A. = ^££ e(nAt) cos (w nAt) (3)
n=l
Ai- N
^v = ir-Ee(nAt) sin (to nAt) (4)
ek T
 n=1 k
=
 Ack
F (co. ) = A . - jB . / (6)
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ck Bck
B
ek ek
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(9)
$cc«V 2-irT (10)
(11)
where the to, 's are the input frequencies, and the w.'s lie between
the wk's.
This paper describes how a version of the fast Fourier
transform (FFT) is used to compute human operator describing
functions, or more specifically, how a version of the FFT is used
to solve Eqs. (1) through (4), while the data samples, c(nAt) and
e(nAt), are being taken. The FFT is an algorithm which greatly
reduces the time required to calculate the truncated Fourier
transform, or periodogram, of a sampled time signal. The savings
are obtained by replacing calculations which involve trigonometric
functions or multiplications with simple additions. The replace-
ment is accomplished by taking advantage of the symmetries of the
sine and cosine functions, and by further taking advantage of
relationships between the frequencies at which the Fourier analy-
sis is performed.
THE VERSION OF THE FFT USED
The version of the FFT used takes advantage only of the
symmetries of the sine and cosine functions. It does not take
advantage of the relationships among the frequencies at which
the Fourier analysis is performed. By not using the complete
version of the FFT, it becomes possible to perform the bulk of
the data-processing during the At seconds between interrupts
while the experiment is still in process. The requirement that
the data be in core before processing, or even that the data fit
in core, is avoided. The following derivation of the algorithm
used will make this point clearer. It should be noted that before
the FFT was used it was not possible to perform the calculations
between interrupts because the computation time required was over
two and a half times greater than that which was available.
It is desired to evaluate Eqs. (1) through (4) using a
digital computer. In order to permit the use of the FFT, the
input frequencies, to, , will be restricted to
2TT
where the Dk are chosen from 4, 8, 12, 16, etc. The method of
Fourier coefficients further requires that the ratio N/Dk be an
integer (where N is the number of data samples taken at intervals
At) . The derivation for Aek and Bek is identical to the deriva-
tion which follows for Ack and Bck.
Using the identities
sin (9 + 2ir) = sin 8, and
cos (9 + 2ir) = cos 9
or
sin ((jj,At) = sin (aD, + 1) o),At
cos (w,At) = cos KaD, + 1)
> a = 0,1,2,3,
permits Eqs. (1) and (2) to be rewritten as
£lv
rp 2^ 11
 n=l
cos (w,nAt)
JC
k
 "IE c[At(n + aD )J
a=0 L K -
(12)
At
n=l
k
 r
sin (w, nAt) ^  c At (n + aD,j (13)
where Bk = (N/Dk) -1. The identities
sin (9 -.IT) = -sin 6, and
cos (9 - TT) = cos 6
or
sin |o), At (n—^-J = -sin (w,nAt)
£. I \ K
COS
•(-T) = COS
permit Eqs. (12) and (13) to be written as
A , =
ck
Dk/2
At
T
n=l
cos
r 1V ^c| At(n + aDv)
L K
- c
Dk/2
B
ck
n=l
sin (co.nAt) £ )c[At(n + aD, jl
K
 a=0( KJ
t / Dk
- c At(n + -£
(14)
(15)
Finally, the identities sin (-0) = -sin 6, cos (-6) = cos 6,
sin (7T/2) = cos (IT) = 1, and sin (ir) = cos (ir/2) = 0 permit
Eqs. (14) and (15) to be written as
A - ^ck T
n=l
sz. ( r / D. \~|
cos (uknAt) ^  <^c [At (n + aDk)] - c At (n +-^ + aDj
+c
(16)
B At
ck T £ sin (u.nAt) £ \c [At (n + aD. )] - c At (n + ~ + aD. )
n=l k a=0 ( k L \ 2 k/J
+ c - n
M
k) J
- c
- c
r /Dk Dk M
_
At(^+-r+aDk)J (17)
where Yk = (Dk/4> -1- Equations (16) and (17) represent the
algorithm used in the hybrid program. The summation over "a" is
performed between interrupts during the experiment and is called
the "additive portion" of the FFT. At the end of the data-taking
period, the summation over n (called the "multiplicative portion"
of the FFT) and the calculation of the human operator's describing
function [using Eqs. (8) and (9)], can be performed in less than
three seconds.
The hybrid computer program is written in a Fortran IV lan-
guage which includes hybrid commands. The program is listed in
Appendix A. Table I lists the values of the experimental param-
eters, including those which characterize the system input. Fig-
ure 5 is a flow diagram of the additive portion of the FFT.
Figure 6 shows a flow diagram of the hybrid program, and lists the
time taken by each part of the program, both for the FFT version
and for the version written the old way [directly computing Eqs.
(1) through (4)]. As shown in Figure 6, the FFT permits a saving
of nearly ten minutes per run, effectively reducing the run time
to the time required to take the data and print the results.
RESULTS
An initial check of the hybrid program was made by taking
measurements across known filters. The results shown in Figures
7 and 8 are quite accurate, and are repeatable.
Measurements were then taken of the author's tracking per-
formance in a control loop, as shown in Figures 1 and 4. Ten
runs were made with each of the controlled elements, 1/s and
1/s, The describing functions shown in Figures 2 and 3 are com-
parable with established results (ref. 3).
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TABLE I
PARAMETER VALUES USED FOR THE HYBRID PROGRAM
k
1
2
3
4
5
6
7
Ak
volts
.2
- .2
.2
- .2
.2
"" J_ *
1.
Wk
rad/sec
26.18
15.71
8.727
6.545
4.363
2.618
1.745
k
8
9
10
11
12
13
14
Ak
volts
-1.
1.
-1.
1.
-1.
1.
-1.
wk
rad/sec
1.309
.8727
.5818
.4363
.2909
.1745
.1164
At = time between interrupts = .02 sec
T, = warm-up time before data-taking = 24 sec
T = period of data-taking = 216 sec
14
i(nAt) = system input = Y* A, sin (u),nAt)
k=1 k • k
No comparison is made between results for the programs with
and without the FFT (on Figures 2, 3, 7, 8) because the results
are identical, as is shown analytically in the derivation of
Eqs. (16) and (17). The comparison between the computation times
for the two programs (Figure 6) however, indicates the substan-
tial savings obtained by using the FFT. The only penalty paid
for the reduced computational time is an increase in the com-
plexity of the written Fortran program, as shown in Appendix A.
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APPENDIX A
PROGRAM LISTING
------- li/T37S~8
*JOBRSHIRLEY_ _ __
.•»A i » n 1
*TITLE PROGRAM TO MEASURE THE DESCRIBING FUNCTION USING THE FFT
*ASSIGN 5 = CRlAt 6 = LP1A
*A^ Si^ N-^ =CP±A
*FORTRAN S.GO
C SENSE SWITCH FORMAT ________
"€ &O NOT SET SENSE SW I TCHES DUR ING COMP I L AT I ON
C SET=SWITCH IN» LIGHT ON
C -------
C
C ---------- SWITttt NOV
-C - I-T - DO NOT READ DATA CARDS - « REAU DATA CARD5 AMP CALC. INPUT
C 2 * DO NOT CALC. INPUT * CALC. INPUT
c ------------- 3— » DO NOT process— D-AT A ------------------ »-pRoe-es-s-BA^-A ------------------------------
C 4 * DO NOT USE UNIT 3 TO SAVE DATA * .USE UNIT 3 TO SAVE DATA
C ----------- 5 * DO A DATA--OUMP- -------------------------- «-:NO--E>AT-A--DUMp--- ----------------------------
C 6 * DO PUNCH OUT DATA * DO NOT PUNCH OUT DATA
"C
C
c -------------- -------------------------------------------------------------------
c
<;---- -- ..... ----- ...... ------ •***•*-»*****-*-**#—- HUMAN ---- » » « « »««*ii »*«•*« ------ SYS-TE-M --------
C INPUT ERROR * * OUTPUT * * OUTPUT
•e - (PUT) - * *** - t-E-i - »- HUMAN - * - (ONC) - «- VCHICLC - «- (TWO) -
C ***#****** ******#**** »#**»**#*** ***#***#»*##**
C ..... —*•»* ----------- -*— OPERATOR — *- ------------- * — DYNAMf CS-— * ------ - ---- » --------- —
C * - * * * * *
c * *
C *»***•**#»*# V*HI^*********** **#******#***#*******#**#*#***
c
100 FORMAT(1H1.3X.1HK.6X.8HFREQ.(K). 7X , 5HAE ( K.) > IPX »5HBE ( K ),10X.
101 FORMAT(///»4X,1HK..6X,8HFREQ. ( K.) , 7X , 8HAREM1 ( K ) ,7Xt8HBREMl (K.) »7X»
102 FORMAT(1E15.8)
16HAR2IK) » 9 X . 7 H P H A 2 ( K ) , / / , ( I 5 » 5 E 1 5 . 4 ) )
104 FORMAT ( 1 H 1 » 4 X « 1 H K » 1 0 X » 4 M E ( K ) >*?X » 6MONC ( K ) »9X >6I ITWO ( K ) i / / i ( IO>
24) )
* Wt»4-X-i-tWv9X-r6tiWH^^r^X^
I5t4E15.4) )
107 FORMAT ( ///, 10X , 8HPUTSQ = .1 E15 .4 ,/ , 10X » ttHERRSU = .1E15.4.10X,
- 114MERRSQ/PUTSQ - « 1E15 .4 » / « 10X i 6MQNESO - »1C1!J*^» lOXt 14IIONE5Q/PUT
2SQ = ,1E15.4,/,10X,8HTWOSQ = , 1E15..4 , 10X » 14HTWOSQ/PUTSQ = .1E15.4)
15
1.* ~ » "
106 '
109 FORMAT (IPX. 3110) _ _ _ _
~T ITT" hOKPA r~r77yW»3HJA ( & )V*»*»5rtJB i k> I »4X*9HJC ( M »/ / » < 2X • I 3.4X » 15 »4X ».I 9 )
1)
'111 FORMAT -rtmvrf4X.lHK»9X,»H»(IC)»//»tl5»El5«»>»
112 FORMAT <///,4X»23HREMNANT POWER AT ONE - ,1E15.4,/,4X,
KUWCK AI IWU
113 FORMAT (///.4X.1HK»6X»8HFREO.(K)»7X»8HREMA1(K),7X»8HREMA2(IC)»//»
lTrn7ET5Y4"rr
FORMAT (///.10X.STHE FOLLOWING REMNANT VALUES ARE^CORRECTED FOR TH
j^ -L-ggp— GXINS V7VS TYEYr~PHT~AC 1 UAL ~s~PHI~~ME~A5~; riMES 1 + YPYC SUUAKE
20S>
116 FORMAT </.*X»8HCONS2
c
C-T51HEWSTOWSTATEMETJT5
COMMON PUT( 1080 ' > »E< 10^ 0' *ONE(1080 UTWO( 1Q8Q) »KONK«LOP.KANK.»
IN » M » MO » KR I NK » HUT SU » t KKSU t UN tbU » I WO5Q
COMMON JA(29) , JB (29 ) t JC( 29 ) ,WS( 4300 ) »KL(29) ,KLE( 29 )
__ _ 1AREM1 ( 1 5 ) »B_REM1J_1_5 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
-" DIMENSION ART( 15). AR2( 15), PHAK 15). PHA2a5r7RElfr( 15). REM2T15)
_ DIMENSION AM(15) _
DIMENSION REMAK 15 ) ,REMA2( 15)
C _____________________________ __________
C
C THE PROGRAM CAN BE RECALLED TO THIS POINT BY IFINITIA AT ANY TIME
<T "^ Y~HTTTrN
CALL fFlNITIA
C _______ COlNN_ECT THE CONSpLE
"S E~6M~03Tl20"
C
"C PUT THE A"NALOG COMPUTER INfO' 1C MOOT"
CALL 1C
C
c A I N § f — ^ _ I T C H * M I N F 0 3
I F"( SENSE
99.REWIND 3
" 98 CONTINUE'
c
C SENSE SWITCH1 DETERMINES IF FREQUENCY AND REGISTER VALUE CARDS ARE
C READ ^
I~F (SENSE SWlfCHl) 23,24*
C_
C SENSE SWITCH2 DETERMINES IF INPUT CAL'CULATED
23 IF (SENSE SMITCH2) 17,26
C
C READ IN 29 FREQUENCIES IN ORDER. HIGH. FREQUENCIES FIRST.
r TN"RTDTAtfS7!5KoWr'sTATnTffGHm^
C TING THEREAFTER WITW THE INPUT FREQUENCIES. THE FREQUENCIES MUST
:» AND IMt NUMBtK OP
C SECONDS PER CYCLE MUST EQUAL 41(DELTA)> WHERE I IS AN INTEGER AND
" C D E L T A I S T H E TIME BETWEEN DATA P O I N T S * :
24 READ(5,102) (W(K),K«1,29)
16
11/13/68 80/BU LIST PAGt NO. 000003
WRITE<6,111) <K,W<K)»K»1»29)
C
C RtAD IN THE RtGlSTER VALUtS FOK THE AUUiTWt PART OF THt FFT
READ! 5 i 109) ( JA(M tJtJfKJ » JUK ) »k»l»*9)
WRITE (6, 110) <JAU)»JU<M»JCU),(t»l,29)
C
C
C INPUT (CALCULATED EVERY DELT)
C CONS1 SCALES THE INPUT
26 CONS1=9.5
C REWIND INPUT TAPE PRIOR TO STORING IKPUT
REWIND 1
C ONW SETS THE STARTING TIME FOR THE INPUT. AND IS NtliATIVE
C SO THAT THE HUMAN OPERATOR Ib IN A STEADY-STATt TRACKING
C CONDITION WHEN THE ONSET CF DATA-TAKINti CCCUKb
ONW=-1080.
C UELT IS THE TIME INCREMtNT btTwEEN INPUT VALUE3. AND MUST EQUAL
C DELTA, THE TIME INCREMENT BtTWEEN DATA POINTS.
DELT=.02
C THE AMU) SCALE THE INPUT SINUSOIDS
AM(1)=.2
AM2)=-.2
AM(3)=.2
AM ( 5 ) = . 2
AM(6)=-1.
AM(7)=1.
AM ( 9 } = 1 .
AM(10)=-1.
AM f 1 1 ) = 1 .
AM( 12)=-1.
AM(13)=1.
AMI !*)=-!.
C
e THE INPUT is CALCULATED IN BLOCKS OF 540 VALUED AND STOHHC;
C MAGMtTIC TAPL (UNIT 1).
DO 19 J=l»30
DO 1 K = i,5«fO
PUT(IC) =0.
ONW=ONW+1.
T=ONW*DELT
DO 20 L=1.14
PUT(K) =PUT(KH-AM(L)*SIN(T*W(2*1) )
20 CONTINUE
PUT(KI=CO,MS1*PUT(K)
1 CONTINUE
CALL BUFFEROUTd ,1,PUT(M) »2*(N-M+1) • I STATUS)
CALL GOTOI ISTATUS)
19 CONTINUE
C
C
17 CONTINUE
C THE INTERRUPT IS CONNECTED, but NOT ENABLED
17
11/13/68 80/80 LIST PAOE NO. 000004
CONNECT (40»INTR)
EOM 020020
POT =00700000
INITIALIZE FOR THE RUN
ZERO THE BUFFER AREAS
DO 92 K=1,1080
PUT(K) =0.
E(K)=0.
ONE(K) =0.
TWO(K)=0.
92 CONTINUE
ZcRO Trie DATA TAPE
RtWlND 2
DO 91 K=l,90
M=l
CALL BUFFEROUT(2,1,E(M) ,2*(N-M+1) , I STATUS)
CALL GOTO! ISTATUS)
91 CONTINUE
THE MAGNETIC TAPE UNITS ARE INITIALIZED, UNIT 1 FOR THE INPUT
AND UNIT 2 FOR THE DATA.
REUND 1
REWIND <L
ZtRO THE RtGISTERS WHERt THE FOURIER COEFH U I tNTS ARE TO
B'fc CALCULATED
DO 31 K=1,15
AE(K)=0.
BE ( K ) =0.
Al (K) =0.
b 1 ( K ) = 0-.
A^ (K)=0.
o2 (K) =0.
ARtMl ( K.) =0.
BREM1 ( K) =0.
AREM2-(iO=0.
bREM2(K)=0.
3 1 C O N T I N U E
I N I T I A L L I Z E FOR Tut A D D I T I V L PART OF THE FFT
DO 10 NOW=1»29
K.L (NOW )=-!
10 CONTINUE
DO 14 NOW=1»^300
WS(NOW)=0.
14 (-ONTINUE
THE COUNTERS FOR THE RUN
KRINK Ib A COUNTER TO DETERMINt Trit LOCATION *- ROM WHICH THE
NEXT INPUT VALUE SHOULD t>E TAKEN KKOh -
<RINK=0
<ONK COUNTS THE INTERRUPTS, UtTERMIiiES KHEN TnE ONSET OF DATA-
18
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C TAKING SHOULD OCCUR* AND WHEN DATA-TAKING IS COMPLETED.
KONK=0
C KANK IS THE HALF REGISTER COUNTER. 1 TO 54Q
KANK=0
C MO DETERMINES WHICH HALF 00 THt INPUT uuFrtR IS be ING UStU
M0 = 0
C B IS A COUNTtR ON THE DATA USED DURING THE DATA-PROCESSING
b = -l.
C LOP IS THE FLAG SET BY INTR TO END DATA-TAKING
LOP = 0
C PUTSO AND ERRSO ARE THE INTEGRAL SQUARE INPUT Ai,D ERROR
PUTSQ=O.
ERRSQ=0.
ONESQ=0.
TWOSG=C.
X1SU=0.
X2SU=0.
C
C INITIALLY INPUT bUFFuR FOR TnE RUN » I.e.. FILL DOTn HALVES
C WITH INPUT VALUES
M=l
CALL BUFFER INI 1, l.PUT(H) , 2*<N-f-, + l ) , ISTATub)
CALL GOTO! ISTATUS)
M=541
N=1080
CALL BUFFtRIN(l.l»PUTM)»Z*( N-i'i + i ) » IST'MOa )
CALL GOTO( ISTATUS)
C
C WAIT TO START RUN -ON S-IGNAL FROM THE OPtK'ATOP.
PAUSE
C
C
511 CONTINUE
S SKS 030000
S oRU 513S
/ GO TO 511
' 513 CONTINUE
C PUT TnE ANALOG COMPUTtR INTO COI-'PuTt ^OUL
CALL COMPUTE
e~
C ENABLE THE INTERRUPT
S EOM 031032
C
C
11 CONTINUE
c CHECK TO SEE IF IT is THE END OF DATA-TAKING
IF (LOP.EO.l) GO TO 2
c IT is NOT THE END OF DATA TAKING. W A I T FOR INTERRUPT
GJ TO 11
c
c
C IT IS TnE cNJ OF DATA TAKINU, ou ON
2 CONTINUE
C TURN OFF THE INTERRUPT
S EOM 031033
C PUT THE ANALOG COMPUTER INTO THt HOLD MCuE
19
11/13/68 80/80 LIST PAGE NO. 000006
CALL HOLD
C TAKE THE INTEGRAL SQUARE MEASURES
CALL ADL(^,PUTSQ»EKRSO,ONtSU»TWObG»XlSU,X2SU)
C PUT THt ANALOG COMPUTER INTO 1C MODt
CALL 1C
C
C
C SENSE SWITCH3 DETERMINES WHETHER TO PROCESS THE DATA AND TYPE
C THE RESULTS, OR WHETHER TO RE- IN I T I <\LL IZE FOR THE NEXT RUN
IF (SENSE SWITCH3) 17,22
C
C ' DATA PROCESSING IS DESIRED, GO ON
22 CONTINUE
C THE FOLLOWING SAVES THE LAST 5-rO DATA POINTS
N=1080
/ CALL BUFFEROUT(2,1,E(M) ,2*<N-M+1) ,ISTAIUS)
CALL GOTO( ISTATUS)
CALL BUFFEROUT(2,1,OME(M) ,2*(N-M+1) , I STATUS)
CALL GOTOt ISTATUS)
CALL BUFFEROUT(2,1,TWO(M) ,2*<N-M+1) .ISTATUS)
CALL GOTOt ISTATUS)
C
C
C THE FOLLOWING PERMITS A TOTAL OR PARTIAL TAPE DUMP
IF (SENSE SWITCH5) 89,90
89 REWIND 1
REWIND 2
N = 540
M = l
CALL BUFFER I N(.l , 1 tPUTIM) ,2* (N-fi-t-1 ) , ISTATUS)
CALL GOTOt ISTATUS)
N=1080
CALL BUFFERINI 1,1»PUT(M> ,2*tN-M-t-l ), ISTATUS)
CALL GOTO( ISTATUS)
WRITE(6.106) <J,PUT< J) ,J=1,1080)
C GO PAST THE INITIAL SPURIOUS DATA POINTS (CAUSED bY INTERRUPT
C ROUTINE).
M = l
DO 16 J=l»3
CALL BUFFERlNt 2, l.E(M) ,2*<N-M+1 )» ISTATUS)
CALL GOTO( ISTATUS)
16 CONTINUE
NO DETERMINES EXTENT OF THE DUMP
NO =3
DC 88 K=1,NO
CALL bUFFERlNt 1,1,PUT(M) ,2*(N-M+1 ) , ISTATUS)
CALL GOTCI ISTATUS)
CALL 6UFFERIN(2,1,EM) , 2* (N-M+1 ), ISTATUS )
CALL GOTO! ISTATUS)
CALL BUFFER INI 2,l,ONt(M) ,2*(N-.i-t-l ) , ISTATUS)
CALL GOTO! ISTATUS)
CALL 3UFFERIN(2,1»TWO(M) ,2* ( N-M-t-1 ) , I'ST ATU5 )
CALL GOTOt ISTATUS)
L=(K-1
20
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MRITE<6»105)_
88 CONTINUE90 COHTINUE — ________ ___
C
C _____ _ _____ „
<f PROCESS THE' DATA FOfTTbt800 POfNTS
C .
C
c
 . KyLTIPL_ICAT_iyE_PART OF THE. FFT USED JO __CALCULATE _1HE_FOURIEJR
C "CO'EFFICIENfS
cr
DEZ-3. 1415927
DO 21
NEMM-D/2
Jfff RT+JATRT^
LEM1=LEE1-JATKT72
LEM2=LEE2-JA(IC)/2
"A"REMlTNE')V6."
AREM2(NE)»0.
"B'REMlTNE)"=OV
BREM2(NE)=0.
JST=( J A ( K ) / 2 ) - l
00 27 _J_I«1»_JST_
UOU^F'LOAtTjf »
.
~TOU=UOU/VO"U "
SINUS=SJjl(DEZ»TOU)
COSUS=SQRTU.-SINUS*»2.J
AREMl<Ne)-ARE>H^^JjMWS(J.EBl+Jl_)HHifSi(_LEEl-jJI_)
AREWTm£j+f:W5(LEB2+Jl;H-WS?LEE2-.JI )~~)*SfNUS~
LL*BJ^ ^^ LNQ'±t*;S*^ ^^ ?^ ?MjiEEl^ lJJ_lL*cos_ys
"""" B"REM2"(N"Er=BREM2"(N"£")-KWSruEB2+jf)-WS(LEE"2-JOl*rO"SUS'
27 CONTINUE -
AREHKNEl-AREMKNE )-hWS(LEMl)
AREM2(NE)=AREM2(NE)+«S < LEM2\
aREM2(NE)=BREM2(NE)-WS(L£E2)
2T CONTTNOE - - - -
C
C - CALCULATE THE FouftlER COEFFICIENTS FOR THL DbSCRtUING FUNCTION
DO 2 8 K=2»28,2
LEB1»JB(IC)+JA(1C)-1
LEEl»Jo(KJ-»-2*JA(K)-l
LEB2=JB(K)+2*JA{K.)-1
-
L E M 1 = C EE 1 - JA ( <Y/ 2
LEM2*LEE2-JA(K)/2
AE(NE)"0.
8E(NE)-0.
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A1(NE)»0» _
B1(NE)-0.
_ _
B2(NC)«67~
JSTjM JA 1 1 Kl i/2 ) -1
DO 29 JI-l.JST
UOU«FLOAT(JI)
VOU»FLOAT<JA<K))
Toy-'uou'ypy __
SINUS«SINfblZ*TOU)
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
AE(NE)»AE(NEr-f(WS"(LEBE+JI)+WS(LEEE-JIT)*SINUS
A1(NE)-A1(NE)+(MS(LEB1+JI)+WS(LEE1-JI))«S»IUS
A2<NE)*A2<NEJ+IWS<LEB2+JI)+WS{LEE2-JI))*SINUS
B£<NE)-BE(NE>-MWS<LEflE+JI)-WS<LEEE-JI))*COSUS
-
B2JNE) »B2 (NIE)_+ (_WS_|LL_EB2+JI_I J_-WSJ LEE2j-Jj
29 CONTINUE"
AE (NE 1 =» AE (NE) -HrfS (LEME)
A 1 ( N E ) * A 1 ( N E ) + W S ( L E M 1 ) '
A2(NE)=A2(NE)+WS{LEM2)
BKNE)-BKNE)-WS(LEEl)
B T T N T ) = T 3 ~
28 CONTINUE
C
C
DO 32 K»
DENOM- AE ( K ) *AE ( K ) +BE ( K ) *BE ( K )
AR1{H)=SORT( (Al(IC)*Al(Kl-(-ftl(K)*Bl(IC) j/DENOM)
PHA1 ( K") »57."3* fATANill Bl ( K ) »"A1 ( K ) I-ATAN2 ( BE ( K)"» AE ( K ) )
_ _ _ _ _ _ _ . _ _ _ JB_E_«K_) t A E (K)J ) _ _ _ _
"C ' USE THE ASSUMPtTON THAT~tHE HUMANS PHASE LEAD~lS 'LESS THAN"
_C _ 180 DEGRESS TO CORRECT FOR THE LOSS OF PHASE INFORMATION
~C IN THE ARC-TANGENT ROUTINES '.
_________ IF _<_P_HA1_(_M_._LT_.180»» GO TO 93 ___________
PHAllK)»PHAHK)-S¥6V~ "~ ~ — - -
93 IF (PHA2(K).LT.180.) GO TO 9fr
94 CONTINUE
32 CONTINUE
C
C CONS2 SCALES THE'REMNANT
C C_ONJS2
C DELT=.02»"T«216
CONS2«1.47E-7
DO 33 K"-
REM1 ( K ) »CONS2* ( AREM1 ( K) *AREM1 ( K )+BREMl ( K ) *BREM1 ( K ) )
----- T^W21T?T*C"ORn5Z*T^REH7T^T*AlfEHZrKl +BRtM2TR ) *BREM7TTCTy
33 CONTINUE
TRTERl5OT:ATrTDR""'rHr~RrFWATrr"AT"THE" INPUT
DO 230 IC= 1.14
REMA1(K)=REM1 «) + ( REMK K+1J-REMH K) ) * { W ( Z*K)-
1W(2*K-1H
22
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_ REMA2(K)=REM2(K)+(REM2(K+1)-REM2(IO )»(W(2»K)-W(2*K-1) )/(W(2»K+1)-
" lVii("2*k-~l f)
230 CONTINUE
CALCULATE THE REMNANT'TOWER
REMPW1=0.
REMPW'2=0. "" """ " " ""
DO 231 K=1.14
REMPW1=REMPW1+REMA1<K)*(W(2*K-1)-W(2»K+1)):
REMPW2=REMPW2+REMA2 (.<)*( W(_2*K-1 )-W( 2*K+1))
231 CONTINUE
c
c
c WRITE OUT THE FOURIER COEFFICIENTS OF THE SYSTEM ERROR IE), THE
HUMANS OUTPUT (ONE), AND OF THE SYSTEM OUTPUT (TWO),
WRIT E(6,100) < K ,W ( 2*K.) , AE ( K > » BE (M , Al < K ) ,61 < K.) » A2 (K. > » B2 < M »K.= 1 »14)
c " '"" " "
C WRITE OUT THE FOURIER COEFFICIENTS OF THE REMNANT AT THE HUMANS
C OUTPUT (ONE), AND AT" THE SYSTEM OUTPUT (TWO). "
WRITE(6,101) (K.,W(2*K-1>,AREM1(K)»BREM1(K),AREM2(K),BREM2(K)»K=1»1
15)
C
C WRITE OUT THE HUMAN OPERATORS DESCRIBING FUNCTION AND REMNANT AS"
C WELL AS THE SYSTEM OPEN LOOP DESCRIBING FUNCTION AND REMNANT
WRITE(6,108) (K,W(2«K-1> ,REM1 ( K) ,REM2 (K ) ,K=1 » 15 ) .............
_ WRITE(6.1161 CONS 2 ___
C WRITE OUT""THE"~HUMANS~REMNANT~7n THE INPUT
WRITE (6,113) «.»W(2*K.) .REMAlliC) ,REMA2(K.) »K.= l»l<t)
WRITE(6,103) (K,W( 2*K) ,AR1(K) ,PHA1(K) ,AR2(K.) ,PHA2(1C) ,K=1 .14)
DO 239 K=1.14
REMA1(K.)=REMA1(K)*( ( 1.+AR2 (X.) )**2.) _ ___
REMA2«)=REMA2(k ) *"("( 1 .4-AR2 ( K) )**2. ) *( AR1 ( K.) **2. ) / I ARZI'K) **2. )
239 CONTINUE
WRITE! 6.114)
WRITE! 6.113) (K,W(2*K) .REMAKIC) ,REMA2(K) ,K=1,14)
WRITE(6,116) CONS2 ...... .........
WRITE _pUT THE ERROR SCORES __
ERRSY = ERRSQ7PUfSGl .....
ONESY=ONESQ/PUTSU
TWOSY=TWOSQ/PUTSQ " ...........
WRITE16.107) (PUTSQ,ERRSQ,ERRSY,ONESQ,ONESY,TWOSQ,TWOSY)
WRITEI6.117) X1SQ.X2SQ .........
PUTSQ=PUTSQ/216.
ERRSQ=ERRSQ/216,
ONESQ=ONESQ/216.
TWOSQ=TWOSQ/216.
W R I T E ! 6,107) ( PUTSQ.ERRSQ.ERRSY .ONESO.pNESY .TWOSO.TWOSY )
W R I T E OUT THE REMNANT POWER
W R I T E (6, 11^1 (REMPW1.REMPW2) _
REMPW1=0."
REMPW2=0.
DO 240 K=l,14 ........................ ........
REMPW1=REMPW1 + REMA1 (K ) * (W(2» (C-1 )-
REMPW2»REMPW2+REMA2tK)*(W("2'*K-r)-W(2«k"-« : i )
240 CONTINUE
WRITEI6.112) (REMPW1.REMPW2)
SENSE SWITCH 6 DETERMINES WHETHER TO PUNCH OUT THE ANSWERS ON CARDS
23
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IF (SENSE SWITCH6) 35,36
C PUNCH OUT THE DATA ON CARDS* 14 CARDS WITH AR1,PHA1,AR2,PHA2»
C REMA1, AND REMA2, PLUS 1 CARD WITH PUTSU.ERRSCI.OHESU ,TwOSQ»
C REMPW1, AND REMPW2.
35 WRITE (7,115) ( AR1 ( K. ) tPHAl { K. ) , AR2 ( K) ,PHA2< K) .REMAKM ,REMA2( M ,k=l,
114)
WR I TE ( 7,115 ) (PUTSCJ, ERRSC .ONESQ,TWOSQ.REMPWl,REMPW2 )
36 CONTINUE
C
C . .
C THE FOLLOWING STORES EITHER ONE(M) OR TWO(M) ON UNIT 3 FOR
C LATER PROCESSING FOR THE REMNANT
C SENSE SWITCH4 DETERMINES WHETHER TO SAVE ONE(M) OR TWO(M)
IF (SENSE SWITCH4) 95,97
97 REWIND 2
REWIND 1
M=l
N = 540
C THE FOLLOWING AVOIDS THE SPURIOUS DATA POINTS
DO 521 K=l,3
CALL BUFFER IN(2,1,TWO(M),2*(N-M+1),I STATUS)
CALL GOTO(ISTATUS)
521 CONTINUE
CALL BUFFERIN(1»1,PUT(M),2*(N-M-H ),ISTATUS)
CALL GOTO(ISTATUS)
CALL BUFFERIN(1,1,PUT(M),2*<N-M+1),I STATUS)
CALL GOTO!ISTATUS)
DO 96 K=l,20
CALL BUFFERINI 1,1,PUT(.M) ,2*(N-i«i+l ) .ISTATUS)
CALL GOTO!ISTATUS)
CALL BUFFERINI 2,'1,E(M) ,2*(N-M+1 ) .ISTATUS)
CALL GOTOtISTATUS)
CALL BUFFERINI2,l.ONE(M),2*(N-M-H ),ISTATUS)
CALL GOTOfISTATUS)
CALL BUFFZRINI 2,1,TWO(M) ,2*(N-i-i + l ), ISTATUS)
CALL GOTO!ISTATUS)
CALL BUFFEROUT(3,1,PUT(M),2*(N-M+1).ISTATUS)
CALL GCTOIISTATUS)
CALL BUFFEROUT(3,l,E(yi) ,2*(N-M-H) » ISTA1US)
CALL GGTO<ISTATUS)
CALL 8UFFtROUT(3,l,ONE(M),2*(N-M-H).ISTATUS)
CALL GCTOtISTATUS)
CALL BUFFEROUT(3,1,TWO(M),2*IN-M-H),ISTATUS)
CALL GOTOfISTATUS)
96 CONTINUE
95 CONTINUE
C
C
C RETURN TO INITIALLIZE FOR THE NEXT RUN
GO TO 17
200 STOP
C
C
C INTERRUPT SUBROUTINE (INTERNAL)
C INT« SERVICES THE INTERRUPT
SUBROUTINE INTR
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KRINK IS THE REGISTER COUNTER. 1 TO 1080
KRINK=KRINK+1
KONK IS THE TOTAL COUNTER, i ON UP
KONK=KONK+1
K.ANK I.S THE HALF REGISTER COUNTER. 1 TO 500
IF (KONK. GT. 1060) GO TO 1
2 IF <.<ANK.GE.541) GO TO 3
4 CALL DAL(0,PUT(KRINK) )
12 RETU.RN
1 }F (KONK^GT. 11880). GO to 5
IF UANK.fE.541 ) GO TO 6
8 CA'LL DAL (0, PUT f K R I N K ) )
CALL ADL (0, EUR I NIC) .ONE < KR I NK ) . T w.OI :<R I NK ) )
ADDIT IVE PART UF THE F A b T FOURItR TRAlMjFORM
KL= A COUNTED. 0 TO ( ^ * JA «. ) *JC (.< )-l )
JA=HALF.THE NUMbER OF CYCLEb PER SECOiSD/D I V
Jd=REGISTER START FOR EACH FREQUENCY
JC=DI VISOR 'JStD ON HALF THE NUMBER OF SAMPLES PER CYCLE TO GET JA
AOuITIVE PART OF THE FFT
AGO Trie DATA INTO THE WS(.<)
JO 27 K=l,29
23 KL«.)=KL«) + 1
JNK = JA «)»JC( K.)
IF (,<L (.O.GE. J."JK) OU TU 32
KLEl.O =KL«)/JC.(M -I- Jb(K)
Go TO 24
32 JM.< = 2*JA(,O*JC«)
IF(KL«) .GE. JAK) GO TO 33
<LEK) = (.<L(.<-) /JC «) )-JA«)+Jb( M
GO TO 25
33 K.L(K)=-1
GC TO 23
XS ( JC ) =WS ( JL> ) +E ( <K I KK. )
v*b( JE) =«S( JEH-OI»i:«RIiMiO
*S( JF) =WS( JF) + TwO(K.RI,NIK)
o 3 TO 26
25 JD = <LE«)
Jt = <LE «)•»• JA( <)
J.-=KLE (K.) + 2*JA( .<)
WS(JD)=.VS(JD)-E(. KRINK)
ws( JEi=ws( JE) -ONE t KRINK;
«S< JF)=WS( JF)-TAO(. KRINK)
2o CONTINUE
27 CONTINUE
RETURN
3 KAN<=;
IF (MO.GE.l) GO Tu 7
25
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9 CALL BUFFERIN(1»1.PUT(M) ,2»(N-M+1), ISTATUS) _
GO .TO 4
7 MO=Q - • -
N=1080
M = 541
KR I NK= 1
_ GO_T o_9 _____
~6 KANK=1
IF (MO.GE.l) GO TO 10
MO=T
N = 540
M = l
U. CALL BUFFER INd.lt PUT ( M ) . 2* 1 N-M+1 ) , 1ST ATUS ) ___ _•_ ___ . _
"" CALL BUF'FEROUT ( 2 , i »E i' M j ,2* ( N-M+I > »'i STATUS >
CALL BUFFEROUT(2»1»ONE(M) ,2*(N-M+1) . ISTATUS)
CALL BUFFEROUT(2»l»f W O ( M ) t2*(N-M+i) » ISTATUS)
GO TO 8
10 M0=0
N = 1080 _ _
KRINK=1
GO TO 11
5 LOP=1
GO TO 12
C
c ' '•" ..... " ............. " ........ •
SUBROUTINE GOTO (ISTATUS)
C SUBROUTINE (INTERNAL) TO HANDLE TAPE READ AND WRITES
7 GO TO (6.4.5,5.5) ISTATUS
6 GO TO 7
5 WRITE (102.200) ISTATUS _
4 RETURN ................. '". ...... " ........ ""
200 FORMAT (SBUFFERIN STATUS WORD =$»I2)
END ' ' ........
*LOAD X
#DATA
39.269908 _ ________
'26.179938 ..............
19.634954
15.707963 ......... " ..... - - - . - - .................
13.089969
8.7266460 ........ "" ............................ " ................. " .................... "" "
7.8539816 __ __
6.5449847""
5.2359877
4.3633230 .............. """ ....... " ....... ........ .....
3.1415927
2.6179939 ............... """
2.1816615 __ __________ .
1.7453292" ....... "
1.5707963
1.3689970 ................... " "" ............... ........ ...... " ......
1.0471975
.87266462 ..................... :" ................... "" ....... " ......... " ""
. 72 7 2 2052 _
.
T
 5 8177642
.52359877
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.43633231
.34906585
.29088821
.26179938
.17453292
.14544410
.11635528
.08726646
4
. . _6
8
~ - re"
12
18
20
24
30
36
50
60
72
90
50
___gv
60
60
54
_._
50
60
50
60
60
108
90
90
90
80/80
1
" 13
31
-55-
85
121
175
235
307
""3~97"
505
655
835
1051
1321
"" ~ 1651"
1471
1801
1981
2143
2305
""" 2455"
2635
2785
2965
3*15
•«**
3739"
4009
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APPLICATION OF A MODIFIED FAST
FOURIER TRANSFORM TO CALCULATE
HUMAN OPERATOR DESCRIBING FUNCTION
By Richard S. Shirley
Electronics Research Center
ABSTRACT
A modified fast Fourier transform (FFT) is used in a hybrid
computer program to permit processing of tracking data during a
run to yield the human operator's describing function almost im-
mediately after the data-taking period. The computer processing
time is substantially reduced at no cost in accuracy.
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